
JOURNAL OF APPROXIMATION THEORY 21, 117-125 (1977)

Rational Approximation, III

D. J. NEWMAN

Yeshica Unicersity, New York, New York 10033

AND

A. R. REDDY

Institute for Advanced Study, Princeton, New Jersey 08540

Communicated by Oved Shisha

Received September 19, 1975

DEDICATED TO ATLE SELBERG ON HIS SIXTIETH BIRTHDAY

Let](z) =' L~~o a"zk be an entire function. Denote M(r) = max'zi~r 1](z)l;
Sn(z) denotes the nth partial sum of](z). As usual, the order p (0 :s;; p :s;; 00)
of fez) is

lim sup log log_M(r) .
r~oc log r

If 0 < P < 00, then the type T and the lower type w (0 < W < T < co) of
f(z) are

T == lim s.up log M(r)
w r-;w Inf r"

Recently approximation to e-X on [0, 00) has attracted the attention of
several mathematicians. In [3), it has been established that e- i": 1 can be
approximated on (- 00, 00) by reciprocals of polynomials of degree n with
an error :S;;C1(log n) wI, but not better than C2n-1• Further, we have shown
that e- ixi can be approximated on (- co, 00) by rational functions of degree n
with an error <e-c3In)1/2 but not better than e-C4 \n)1(2, In this note we obtain
error bounds to I x I e- Ix ] on (- 00, 00) by reciprocals of polynomials of
degree n and also by rational functions of degree n. We show here that the
minimum error by rational functions of degree n is much smaller than the
one obtained by reciprocals of polynomials of degree n. Throughout our
work C1, C2 , Ca ,... denote suitable positive constants, and €, 0 < € < 1,
is arbitrary.
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LEMMAS

LpW,IA 1 [5, p. II]. ThCl'ee.Yistsasequenceojrationa/filllctiol/S 'Q,,{XI:,

for which, for all II 5.
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where
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Remark. For every positive A.

~I).

This follows easily from Lemma I.

1.1('

LEMMA 2 [6, p. 232]. There is a polYl1omial p,,(y) (11

2/1 such that
I. 2.... ) or degree

( I /p(y)) L, 1 1 1

Remark I [6. p. 234].

2n.

P,,(y)

Remark" For each A 0,

I'or

A

Pn(xIA) L'll 1.11

This follows easily from Lemma 2.
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LEMMA 3 [8, p. 68]. L('t P(x) be a polYl1omial ojdegree at I1/oS( Ii saris(\'ing
i p(x) /1,1 011 [a, b]. Then outside [a, b] .
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(0 < W "':;; T < co). Then there exists a constant Cs (>0) and a sequence of
polynomials {Pn<X)}:~l of degree n such that,!or n > 1,

LEMMA 5 [3, p. 122]. Let l(z) satisfy the assumptions of Lemma 4. Then
there exists a constant C6 (>0) and a sequence of rational functions {r n(X)}:~l
of degree 11 such that, for any n ;~ 1,

LEMMA 6 [7]. Under the same assumptions, we have for the polynomials
P,,(x) c= L;~o ak,xk,

THEOREMS

THEOREM 1. Let l(z) = L~~o akz!., ao> 0, ak ~ °(k ~ I), be an entire
function oforder p (0 < P < co), type T, and lower type w (0 < W ~ T < Cf)).
Then there exists a polynomial Pn *(x) of degree n for which, for all n > 1,

x I I
--------
l(i x J Pn*(x)

__ Cfj(log n)2I P

>---~-.

11
(1.1 )

Remark. 1fl(z) is even, then 21p in (1.1) can be replaced by lip.

Proof By Remark 2 following Lemma 2, and by Lemma 4, there exist
polynomials P(x) and q(x) for which

i' 1 I ,I __ Cg(log 11)1 /"

;1 1(1 .Y!) - q(x) !iLoo[-A,AJ > 11

To obtain bounds for x EO (-- co, co), we note that

I, I x I I I
. 1(1 x I) Pix) q(x)

(1.2)

(1.3)

(104)
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For 0 I X'
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(4w I log 11)1

I '
J(\~T I

I

Ny) !
ii, ~ I

For x
fact that

(4w l log 11)1 "', by using the definition 01' lo\ver type ,lIld the

P(X)'-l

we get, for all large 11,

x for .\ \4w 1 log 11)1"

I
f(" x )! x

I

Ny)

.2 ,\
f( .\ ) ('

/I i 16)

Similarly we get. for 0
lowing Lemma 2 with A

x (4w \ log /1)\' by LlslOg Remark 1 1',)1·
(4w 1 log 11)1'". and Lemma 4.

1

P(x)
I

q(.y)
I .Ii

CI/,(log 1/) I ,

/I

. (log 11):2"
( - "'. '.

\:2 11

I I i)

Now we consider x
we have. for such x

By construction,

(4u) \ log 11)1 ''', Bv Remark I following Lemma ..,

N\)

Hence, for all large /I.

q(.\) I (/,.x:,
k 1/

I I 1
Ax)! 7r x

.\

I,-- I
q(x) I

f( x )

(4w \ log 11)1 pIe"
~. I f[(4w\ log /1)1 OJ

4 1

\ ,-, log /I \ J: /[(4u) \ log /1)1'1: i
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Since

I ai4w-1 log n)k/o = f[(4w-1 Iog n)1/0] - I aJ4w-1 log n)k/o,
k<.n k;;-:n+l

and
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we have

I ak(4w-1Iog n)k/o ~ f[(4w-1 log n)l/o] - l1;i2 ~ 2-1 f[(4w-1log n)1/0].
k~n

By using the definition of lower type, we get

f[(4w-1 Iog n)l/o] ~ exp(4(l - E) log n) > n3• (1.9)

Equation (Ll) follows from (1.5)-(1.9). If fez) is even, then by using Sn(x),

the nth partial sum of f(x), instead of q(x), in (L7), we get for 0 ~ I x 1 ~

(4w-1 Iog 11)1/0, by Lemmas 2 and 6, for some [) > I,

_1_/_1 1_ , <_ (' C14(lOg 11)1/P) --1I.~ -3
P(x) f(x) S,,(x) --.~ ,I x + )] 8 '-- n , ( 1.10)

For I x I ~ (4w-1 Jog n)l/p
, by using Remark 2 following Lemma 2 we get,

for all large n,

1 I I I I I x I . I x!-- -.---- <------
P(x) f(x) S,,(x) -- f(x) Sn(x)

~ (4w-1 log n)1/p . (4w-1 log n)l;p

~ f((4w- 1 log n)l/p) T Sn((4w-1 log n)1/0)

3(4w-1 Iog n)1 /0< --;O-;-7-:--~---=-'~~
~ f((4w- 1 Iog n)1Ip) ,

since as earlier

(l.11)

2Si(4w-1 Iog n)1/0) ~ f((4w- 1 log n)1/0).

The Remark after Theorem 1 follows from (1.5), (1.6), (1.9), (1.10), and (1.11).

THEOREM 2. Let fez) = L:~o akZ", a k ~ 0 (k ~ 0), be an entire function
oforder p (0 < p < (0) and type T (0 < T < 00). Then for every polynomial
P(x) of large degree n, we have,

II
X1/2 1 II ( log 11 )1 /0 (9n)-1

. f(x1/2) - P(x) [",[o •.,d ~ ~- f[(log n/2T)2/on-2] . (2.1)
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ProoF Assume the conclusion is false. Then for inlinitely many n.

Xl .~

f(yI2)

I

P(\·) 1.,10. i

log II )1 " ('-)11) I
27 1[(log,01;)2p/1 2]

Set f3 n 1.2..... From (2.2) \\e gel. for

where

X [f3}11 '. 2].
I

Ply) 1(\1 ')

I,ll j S,;) I! 1
9 fJ "II II}".

Hence

lllax
[':'!'i:!ll

I . f:~ I
Ii" I ( .J ,,/1 ).

Ply) 12.31

Now by applying Lemma 3 to (2.3). we get

P(O) IT (/1"
Ir /1'2.

On the other hand. we have by (2.2).

P(O) 1

Equations (2.4) and (2.5) clearly contradict (2.2).

THEOREM 3. Let 1(::.) 'L,o (1,,::.1,. (Ill O. 0, 0 (/\ 1). he (II/ Clell
cntire functiol/ of order p (0 p -x) typc 7 (ll/d 10wCl tl'/l(' 1'1

(0 W 7 '-x). Theil thcrc cxists (I col/stant el.i 0 and a seC/ucllcc of
rationalful/ctio/1s r~,,(x) of degree at most 211 for which. for a// I(lrge II.

( x j(x)) r,,,(x) 1,1. '.
e CI,_,ill~. (3.! )

Proof x JC x). S)/(x). and Q" *(x)
functions. Set r,,,(x) ~.• Q)/*(x)/S)x). Then

I
x

1',,,(.,) I I
x Qn *(x) Q)/~(x) Q,,'(x)

f(\:f T(.\-) th) ny) -s;I\T

I
x Q,,*(x)

I Q,,'(r)
I I

--

f(\) ((x) t (y) 5),,(x)

Each of the above functions being even. lye conSIder only [0./ ).
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By Lemma J, for all large n,

I x Qn*(x) I -- -1', Q *( ')1 / -c ,1/2

J-~() - -f() ~ aO !.\ - n X L[O,n1/ 2PJ "-" e 16' ,x . x L,,[O,n'/2Pj <x.

On the other hand, for x :S; nl/2p, by the definition of lower type,

I x Qn*(X) I I , *
lex) - f(.~ :S; f(x) i X - Qn (x)1

I
P *(-xn-·1/2p ) I

~ e-X{}w(I-€)x n .
'. Pn*(xn-1/2p) + Pn *(-- X/1-1 /2p)

-C.n 1/'2e It ,

for n such that

Pn*(-xn-1/2p) ? 0.

Similarly, we show for [0, n1/2p ],
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(3.3)

(3.4)

On the other hand, for x2p ? n :> no ,

I Q" *(x); If(~') - Sn~X) I,C;; IQra>') I-~ I~:~~~) I< :x : (f(~¥) + S~(x»)

(3.6)

As earlier, it is easy to check that 2Sn(nl/2p) ? f(n1 /
2p), and also that

I Qn *(x) [ < 1 x I. Hence (3.1) follows from (3.3)-(3.6).

THEOREM 4. Let fez) =, L:~o akzk, ao> 0, ak ;? 0 (k ? 1), ak ? ak+l
(k ;;~ 1), be a noneven entire function of order p (0 < p < ro), type 1', and
lower type w (0 < W <; T < ro). Then there exists a rational function r:i'n(x)
of degree at most 2n for which, for all large n,

(4.1)

where r:',(x) = rn(x) Qn *(x) ,
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Proof By Lemma 5,

f( r,,(x) ('

x I 'I
"

, )

Now write

x I
re,,(x)1 i

.\ Q,,"(x) Q" '(\)
Q,,'(':)

f( i( j(
r

i x :) i x ) .Y ) I( x }

(...\.2)

t( .\ ) .\ Q,,'(\) Q,(x)
/( \" \

1,,(\ I .

As earlier. for 0

QI/'(x) (' (

On the other hand, for.\ /II '2 •• ,

i .Y
f( .\ ) i

P" "( \/1 1 2,.)e ,( f'll ()x
P" '(XI? I P" "'( \iI 1 ""~I

n, Similarly, for 0

I
Q,,*(.\), i 1'-(" .

, . .\

On the other hand, for.\" 1/1 'e",

( .\ \4.6)

, I
Q" *(.\") ! 't'("- .

, . .\

since from the construction of r,,(x),

.\

X I

\

!;,~~-r-i---a ~ l
(-..\7)

By our assumption on the coefficients, we have

\
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As before, we can show

2 I a/n l
/
2p ?: f(n l /

2
").

l~n

From (4.7), (4.8), and (4.9), we get for I x! > nl /
2p

,

I I . I 5nl
:
2p

I Q*(x)1 f(1 x I) -- r,,(x) c:;: e"lj2w IJ-El

125

(4.9)

(4.10)

Equation (4.1) follows from (4.4), (4.5), (4.6), and (4.10).
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